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Implementation of a Distributed Coherent Quantum Observer
Ian R. Petersen and Elanor H. Huntington
Abstract—This paper considers the problem of implementing
a previously proposed distributed direct coupling quantum
observer for a closed linear quantum system. By modifying the
form of the previously proposed observer, the paper proposes
a possible experimental implementation of the observer plant
system using a non-degenerate parametric amplifier and a
chain of optical cavities which are coupled together via optical
interconnections. It is shown that the distributed observer
converges to a consensus in a time averaged sense in which an
output of each element of the observer estimates the specified
output of the quantum plant.
I. INTRODUCTION
In this paper we build on the results of [1] by providing
a possible experimental implementation of a direct coupled
distributed quantum observer. A number of papers have
recently considered the problem of constructing a coherent
quantum observer for a quantum system; e.g., see [2]–
[4]. In the coherent quantum observer problem, a quantum
plant is coupled to a quantum observer which is also a
quantum system. The quantum observer is constructed to be
a physically realizable quantum system so that the system
variables of the quantum observer converge in some suitable
sense to the system variables of the quantum plant. The
papers [1], [5]–[7] considered the problem of constructing
a direct coupling quantum observer for a given quantum
system.
In the papers [1], [2], [4], [5], the quantum plant under
consideration is a linear quantum system. In recent years,
there has been considerable interest in the modeling and
feedback control of linear quantum systems; e.g., see [8]–
[10]. Such linear quantum systems commonly arise in the
area of quantum optics; e.g., see [11], [12]. In addition, the
papers [13], [14] have considered the problem of providing a
possible experimental implementation of the direct coupled
observer described in [5] for the case in which the quan-
tum plant is a single quantum harmonic oscillator and the
quantum observer is a single quantum harmonic oscillator.
For this case, [13], [14] show that a possible experimen-
tal implementation of the augmented quantum plant and
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quantum observer system may be constructed using a non-
degenerate parametric amplifier (NDPA) which is coupled
to a beamsplitter by suitable choice of the amplifier and
beamsplitter parameters; e.g., see [12] for a description of
an NDPA. In this paper, we consider the issue of whether
a similar experimental implementation may be provided for
the distributed direct coupled quantum observer proposed in
[1].
The paper [1] proposes a direct coupled distributed quan-
tum observer which is constructed via the direct connection
of many quantum harmonic oscillators in a chain as illus-
trated in Figure 1. It is shown that this quantum network
can be constructed so that each output of the direct coupled
distributed quantum observer converges to the plant output
of interest in a time averaged sense. This is a form of time
averaged quantum consensus for the quantum networks under
consideration. However, the experimental implementation
approach of [13], [14] cannot be extended in a straightfor-
ward way to the direct coupled distributed quantum observer
[1]. This is because it is not feasible to extend the NDPA
used in [13], [14] to allow for the multiple direct couplings
to the multiple observer elements required in the theory of
[1]. Hence, in this paper, we modify the theory of [1] to
develop a new direct coupled distributed observer in which
there is direct coupling only between the plant and the first
element of the observer. All of the other couplings between
the different elements of the observer are via optical field
couplings. This is illustrated in Figure 2. Also, all of the
elements of the observer except for the first one are imple-
mented as passive optical cavities. The only active element
in the augmented plant observer system is a single NDPA
used to implement the plant and first observer element. These
features mean that the proposed direct coupling observer is
much easier to implement experimentally that the observer
which was proposed in [1].
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Fig. 1. Distributed Quantum Observer of [1].
We establish that the distributed quantum observer pro-
posed in this paper has very similar properties to the dis-
tributed quantum observer proposed in [1] in that each output
of the distributed observer converges to the plant output of
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Fig. 2. Distributed Quantum Observer Proposed in This Paper.
interest in a time averaged sense. However, an important
difference between the observer proposed in [1] and the
observer proposed in this paper is that in [1] the output for
each observer element corresponded to the same quadrature
whereas in this paper, different quadratures are used to define
the outputs with a 90◦ phase rotation as we move from
observer element to element along the chain of observers.
II. QUANTUM LINEAR SYSTEMS
In the distributed quantum observer problem under consid-
eration, both the quantum plant and the distributed quantum
observer are linear quantum systems; see also [8], [15],
[16]. The quantum mechanical behavior of a linear quantum
system is described in terms of the system observables
which are self-adjoint operators on an underlying infinite
dimensional complex Hilbert space H. The commutator of
two scalar operators x and y on H is defined as [x, y] =
xy − yx. Also, for a vector of operators x on H, the
commutator of x and a scalar operator y on H is the vector
of operators [x, y] = xy− yx, and the commutator of x and
its adjoint x† is the matrix of operators
[x, x†] , xx† − (x#xT )T ,
where x# , (x∗1 x
∗
2 · · · x∗n)T and ∗ denotes the operator
adjoint.
The dynamics of the closed linear quantum systems under
consideration are described by non-commutative differential
equations of the form
x˙(t) = Ax(t); x(0) = x0 (1)
where A is a real matrix in Rn×n, and x(t) =
[ x1(t) . . . xn(t) ]T is a vector of system observables;
e.g., see [8]. Here n is assumed to be an even number and
n
2 is the number of modes in the quantum system.
The initial system variables x(0) = x0 are assumed to
satisfy the commutation relations
[xj(0), xk(0)] = 2ıΘjk, j, k = 1, . . . , n, (2)
where Θ is a real skew-symmetric matrix with components
Θjk. In the case of a single quantum harmonic oscillator,
we will choose x = (x1, x2)
T where x1 = q is the
position operator, and x2 = p is the momentum operator.
The commutation relations are [q, p] = 2i. In general, the
matrix Θ is assumed to be of the form
Θ = diag(J, J, . . . , J) (3)
where J denotes the real skew-symmetric 2× 2 matrix
J =
[
0 1
−1 0
]
.
The system dynamics (1) are determined by the system
Hamiltonian which is a self-adjoint operator on the underly-
ing Hilbert space H. For the linear quantum systems under
consideration, the system Hamiltonian will be a quadratic
form H = 12x(0)TRx(0), where R is a real symmetric
matrix. Then, the corresponding matrix A in (1) is given
by
A = 2ΘR. (4)
where Θ is defined as in (3); e.g., see [8]. In this case, the
system variables x(t) will satisfy the commutation relations
at all times:
[x(t), x(t)T ] = 2ıΘ for all t ≥ 0. (5)
That is, the system will be physically realizable; e.g., see
[8].
Remark 1: Note that that the Hamiltonian H is preserved
in time for the system (1). Indeed, H˙ = 12 x˙TRx+ 12xTRx˙ =−xTRΘRx + xTRΘRx = 0 since R is symmetric and Θ
is skew-symmetric.
III. DIRECT COUPLING DISTRIBUTED COHERENT
QUANTUM OBSERVERS
In our proposed direct coupling coherent quantum ob-
server, the quantum plant is a single quantum harmonic
oscillator which is a linear quantum system of the form (1)
described by the non-commutative differential equation
x˙p(t) = Apxp(t); xp(0) = x0p;
zp(t) = Cpxp(t) (6)
where zp(t) denotes the vector of system variables to be
estimated by the observer and Ap ∈ R2×2, Cp ∈ R1×2. It
is assumed that this quantum plant corresponds to a plant
Hamiltonian Hp = 12xp(0)TRpxp(0). Here xp =
[
qp
pp
]
where qp is the plant position operator and pp is the plant
momentum operator. As in [1], in the sequel we will assume
that Ap = 0.
We now describe the linear quantum system of the form
(1) which will correspond to the distributed quantum ob-
server; see also [8], [15], [16]. This system is described by
a non-commutative differential equation of the form
x˙o(t) = Aoxo(t); xo(0) = x0o;
zo(t) = Coxo(t) (7)
where the observer output zo(t) is the distributed observer
estimate vector and Ao ∈ Rno×no , Co ∈ Rno2 ×no . Also,
xo(t) is a vector of self-adjoint non-commutative system
variables; e.g., see [8]. We assume the distributed observer
order no is an even number with N =
no
2 being the number
of elements in the distributed quantum observer. We also
assume that the plant variables commute with the observer
variables. We will assume that the distributed quantum
observer has a chain structure and is coupled to the quantum
plant as shown in Figure 2. Furthermore, we write
zo =


zo1
zo2
...
zoN


where
zoi = Coixoi for i = 1, 2, . . . , N.
Note that Coi ∈ R1×2.
The augmented quantum linear system consisting of the
quantum plant (6) and the distributed quantum observer (7)
is then a quantum system of the form (1) described by
equations of the form where

x˙p(t)
x˙o1(t)
x˙o2(t)
...
x˙oN (t)

 = Aa


xp(t)
xo1(t)
xo2(t)
...
xoN (t)

 ;
zp(t) = Cpxp(t);
zo(t) = Coxo(t) (8)
where
Co =


Co1
Co2 0
0
. . .
CoN

 .
We now formally define the notion of a direct coupled
linear quantum observer.
Definition 1: The distributed linear quantum observer (7)
is said to achieve time-averaged consensus convergence for
the quantum plant (6) if the corresponding augmented linear
quantum system (8) is such that
lim
T→∞
1
T
∫ T
0
(


1
1
...
1

 zp(t)− zo(t))dt = 0. (9)
IV. IMPLEMENTATION OF A DISTRIBUTED QUANTUM
OBSERVER
We will consider a distributed quantum observer which
has a chain structure and is coupled to the quantum plant
as shown in Figure 2. In this distributed quantum observer,
there a direct coupling between the quantum plant and the
first quantum observer. This direct coupling is determined by
a coupling Hamiltonian which defines the coupling between
the quantum plant and the first element of the distributed
quantum observer:
Hc = xp(0)TRcxo1(0). (10)
However, in contrast to [1], there is field coupling between
the first quantum observer and all other quantum observers
in the chain of observers. The motivation for this structure
is that it would be much easier to implement experimentally
than the structure proposed in [1]. Indeed, the subsystem con-
sisting of the quantum plant and the first quantum observer
can be implemented using an NDPA and a beamsplitter
in a similar way to that described in [13], [14]; see also
[12] for further details on NDPAs and beamsplitters. This is
illustrated in Figure 3.
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Fig. 3. NDPA coupled to a beamsplitter representing the quantum plant
and first quantum observer.
Also, the remaining quantum observers in the distributed
quantum observer are implemented as simple cavities as
shown in Figure 4.
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Fig. 4. Optical cavity implementation of the remaining quantum observers
in the distributed quantum observer.
The proposed quantum optical implementation of a dis-
tributed quantum observer is simpler than that of [1]. How-
ever, its dynamics are somewhat different than those of
the distributed quantum observer proposed in [1]. We now
proceed to analyze these dynamics. Indeed, using the results
of [14], we can write down quantum stochastic differential
equations (QSDEs) describing the plant-first observer system
shown in Figure 3:
dxp = 2Jαβ
Txo1dt;
dxo1 = 2ω1Jxo1dt− 1
2
κ1bxo1dt+ 2Jβα
Txpdt
−√κ1bdw1b;
dy1a =
√
κ1bxo1dt+ dw1b (11)
where xp =
[
qp
pp
]
is the vector of position and momentum
operators for the quantum plant and xo1 =
[
q1
p1
]
is the
vector of position and momentum operators for the first
quantum observer. Here, α ∈ R2, β ∈ R2 and κ1b >
0 are parameters which depend on the parameters of the
beamsplitter and the NDPA. The parameters α and β define
the coupling Hamiltonian matrix defined in (10) as follows:
Rc = αβ
T . (12)
In addition, the parameters of the beamsplitter and the NDPA
need to be chosen as described in [13], [14] in order to obtain
QSDEs of the required form (11).
The QSDEs describing the ith quantum observer for i =
2, 3, . . . , N − 1 are as follows:
dxoi = 2ωiJxoidt− κia + κib
2
xoidt
−√κiadwia −√κibdwib;
dyia =
√
κibxoidt+ dwib;
dyib =
√
κiaxoidt+ dwia (13)
where xoi =
[
qi
pi
]
is the vector of position and momentum
operators for the ith quantum observer; e.g., see [12]. Here
κia > 0 and κib > 0 are parameters relating to the reflectivity
of each of the partially reflecting mirrors which make up the
cavity.
The QSDEs describing the Nth quantum observer are as
follows:
dxoN = 2ωNJxoNdt− κNa
2
xoNdt−√κNadwNa;
dyNb =
√
κNaxoNdt+ dwNa (14)
where xoN =
[
qN
pN
]
is the vector of position and momen-
tum operators for the Nth quantum observer. Here κNa > 0
is a parameter relating to the reflectivity of the partially
reflecting mirror in this cavity.
In addition to the above equations, we also have the
following equations which describe the interconnections be-
tween the observers as in Figure 2:
w(i+1)a = −yia;
wib = y(i+1)b (15)
for i = 1, 2, . . . , N − 1.
In order to describe the augmented system consisting
of the quantum plant and the quantum observer, we now
combine equations (11), (13), (14) and (15). Indeed, starting
with observer N , we have from (14), (15)
dyNb =
√
κNaxoNdt− dy(N−1)a.
But from (13) with i = N − 1,
dy(N−1)a =
√
κ(N−1)bxo(N−1)dt+ dw(N−1)b.
Therefore,
dyNb =
√
κNaxoNdt−√κ(N−1)bxo(N−1)dt− dw(N−1)b
=
√
κNaxoNdt−√κ(N−1)bxo(N−1)dt− dyNb
using (15). Hence,
dyNb =
√
κNa
2
xoNdt−
√
κ(N−1)b
2
xo(N−1)dt. (16)
From this, it follows using (14) that
dwNa = −√κNaxoNdt+ dyNb
= −
√
κNa
2
xoNdt−
√
κ(N−1)b
2
xo(N−1)dt.
Then, using (14) we obtain the equation
dxoN = 2ωNJxoNdt+
√
κ(N−1)bκNa
2
xo(N−1)dt. (17)
We now consider observer N − 1. Indeed, it follows from
(13) and (15) with i = N − 1 that
dxo(N−1) = 2ωN−1Jxo(N−1)dt
−κ(N−1)a + κ(N−1)b
2
xo(N−1)dt
−√κ(N−1)adw(N−1)a −√κ(N−1)bdyNb
= 2ωN−1Jxo(N−1)dt
−κ(N−1)a + κ(N−1)b
2
xo(N−1)dt
−√κ(N−1)adw(N−1)a
−
√
κNaκ(N−1)b
2
xoNdt
+
κ(N−1)b
2
xo(N−1)dt
= 2ωN−1Jxo(N−1)dt−
κ(N−1)a
2
xo(N−1)dt
−
√
κNaκ(N−1)b
2
xoNdt
−√κ(N−1)adw(N−1)a (18)
using (16). Now using (13) and (15) with i = N − 2, it
follows that
dy(N−2)a =
√
κ(N−2)bxo(N−2)dt+ dw(N−2)b
=
√
κ(N−2)bxo(N−2)dt+ dy(N−1)b
=
√
κ(N−2)bxo(N−2)dt+
√
κ(N−1)axo(N−1)dt
+dw(N−1)a
using (13) with i = N−1. Hence using (15) with i = N−2,
it follows that
dy(N−2)a =
√
κ(N−2)bxo(N−2)dt+
√
κ(N−1)axo(N−1)dt
−dy(N−2)a.
Therefore
dy(N−2)a =
√
κ(N−2)b
2
xo(N−2)dt+
√
κ(N−1)a
2
xo(N−1)dt.
Substituting this into (18), we obtain
dxo(N−1) = 2ωN−1Jxo(N−1)dt
−
√
κ(N−1)bκNa
2
xoNdt
+
√
κ(N−2)bκ(N−1)a
2
xo(N−2)dt. (19)
Continuing this process, we obtain the following QSDEs
for the variables xoi:
dxoi = 2ωiJxoidt
−
√
κibκ(i+1)a
2
xo(i+1)dt
+
√
κ(i−1)bκia
2
xo(i−1)dt (20)
for i = 2, 3, . . . , N − 1. Finally for xo1, we obtain
dxo1 = 2ω1Jxo1dt−
√
κ1bκ(2a
2
xo2dt + 2Jβα
Txpdt.
(21)
We now observe that the plant equation
dxp = 2Jαβ
Txo1dt
(22)
implies that the quantity
zp = α
Txp
satisfies
dzp = 2α
TJαβTxo1dt = 0
since J is a skew-symmetric matrix. Therefore,
zp(t) = zp(0) = zp (23)
for all t ≥ 0.
We now combine equations (21), (20), (17) and write them
in vector-matrix form. Indeed, let
xo =


xo1
xo2
...
xoN

 .
Then, we can write
x˙o = Aoxo +Bozp
where
Ao =
2


ω1J −µ2I
µ2I ω2J −µ3I 0
µ3I ω3J −µ4I
. . .
. . .
. . .
0 µN−1I ωN−1J −µNI
µNI ωNJ


,
Bo =
2


Jβ
0
..
.
0

 (24)
and
µi =
1
4
√
κ(i−1)bκia > 0
for i = 2, 3, . . . , N .
To construct a suitable distributed quantum observer, we
will further assume that
β = −µ1α,
Cp = α
T , (25)
where µ1 > 0 and
Co =
1
‖α‖2


αT
−JαT 0
−αT
JαT
0
. . .
(−J)N−1αT


.
(26)
This choice of the matrix Co means that different quadra-
tures are used for the outputs of the elements of the dis-
tributed quantum observer with a 90◦ phase rotation as we
move from observer element to element along the chain of
observers.
In order to construct suitable values for the quantities µi
and ωi, we require that
Aox¯o +Bozp = 0 (27)
where
x¯o =


α
Jα
−α
−Jα
α
...
(J)N−1α


zp.
This will ensure that the quantity
xe = xo − x¯o (28)
will satisfy the non-commutative differential equation
x˙e = Aoxe. (29)
This, combined with the fact that
Cox¯o =
1
‖α‖2


αT
−JαT 0
0
. . .
(−J)N−1αT


×


α
Jα
...
(J)N−1α

 zp
=


1
1
...
1

 zp (30)
will be used in establishing condition (9) for the distributed
quantum observer.
Now, we require
Ao


α
Jα
−α
−Jα
α
...
(J)N−1


+Bo
= 2


ω1Jα− µ2Jα− µ1Jα
µ2α− ω2α+ µ3α
µ3Jα− ω3Jα+ µ4Jα
...
µN (J)
N−2α+ ωNJ
Nα


= 0.
This will be satisfied if and only if

ω1 − µ2 − µ1
µ2 − ω2 + µ3
µ3 − ω3 + µ4
...
µN − ωN

 = 0.
That is, we will assume that
ωi = µi + µi+1 (31)
for i = 1, 2, . . . , N − 1 and
ωN = µN . (32)
To show that the above candidate distributed quantum
observer leads to the satisfaction of the condition (9), we
first note that xe defined in (28) will satisfy (29). If we can
show that
lim
T→∞
1
T
∫ T
0
xe(t)dt = 0, (33)
then it will follow from (30) and (28) that (9) is satisfied. In
order to establish (33), we first note that we can write
Ao = 2ΘRo
where
Ro =

ω1I µ2J
−µ2J ω2I µ3J 0
−µ3J ω3I µ4J
. . .
. . .
. . .
0 −µN−1J ωN−1I µNJ
−µNJ ωNI


.
We will now show that the symmetric matrix Ro is positive-
definite.
Lemma 1: The matrix Ro is positive definite.
Proof: In order to establish this lemma, let
xo =


xo1
xo2
...
xoN

 ∈ R2N
where xoi =
[
qi
pi
]
∈ R2 for i = 1, 2, . . . , N . Also, define
the complex scalars ai = qi + ıpi for i = 1, 2, . . . , N . Then
it is straightforward to verify that
xTo Roxo = ω1‖xo1‖2 − 2µ2xTo1αxTo2α+ ω2‖xo2‖2
−2µ3xTo2αxTo3α+ ω3‖xo3‖2
...
−2µNxToN−1αxToNα+ ωN‖xoN‖2
= ω1a
∗
1a1 − ıµ2a∗1a2 + ıµ2a∗2a1 + ω2a∗2a2
−ıµ3a∗2a3 + ıµ3a∗3a2 + ω3a∗3a3
...
−ıµNa∗N−1aN + ıµNa∗NaN−1 + ωNa∗NaN
= a†oR˜oao
where
ao =


a1
a2
...
aN

 ∈ CN
and
R˜o =


ω1 −ıµ2
ıµ2 ω2 −ıµ3 0
ıµ3 ω3
. . .
0
. . .
. . . −ıµN
ıµN ωN


.
Here † denotes the complex conjugate transpose of a vector.
From this, it follows that the real symmetric matrix Ro is
positive-definite if and only if the complex Hermitian matrix
R˜o is positive-definite.
To prove that R˜o is positive-definite, we first substitute the
equations (31) and (32) into the definition of R˜o to obtain
R˜o =


µ1 + µ2 −ıµ2
ıµ2 µ2 + µ3 −ıµ3 0
ıµ3 µ3 + µ4
. . .
0
. . .
. . . −ıµN
ıµN µN


= R˜o1 + R˜o2
where
R˜o1 =


µ1 0 . . . 0
0 0 . . . 0
...
...
0 0 . . . 0

 ≥ 0
and
R˜o2 =


µ2 −ıµ2
+ıµ2 µ2 + µ3 −ıµ3 0
+ıµ3 µ3 + µ4
. . .
0
. . .
. . . −ıµN
+ıµN µN


.
Now, we can write
a†oR˜o2ao = µ2a
∗
1a1 − ıµ2a∗1a2 + ıµ2a∗2a1 + µ2a∗2a2
+µ3a
∗
2a2 − ıµ3a∗2a3 + ıµ3a∗3a2 + µ4a∗3a3
...
+µN−1a
∗
N−1aN−1 − ıµNa∗N−1aN
+ıµNa
∗
NaN−1 + µNa
∗
NaN
= µ2(−ıa∗1 + a∗2)(ıa1 + a2)
+µ3(−ıa∗2 + a∗3)(ıa2 + a3)
...
+µN (−ıa∗N−1 + a∗N )(ıaN−1 + aN )
≥ 0.
Thus, R˜o2 ≥ 0. Furthermore, a†oR˜o2ao = 0 if and only if
a2 = −ıa1;
a3 = −ıa2;
...
aN = −ıaN−1.
That is, the null space of R˜o2 is given by
N (R˜o2) = span{


1
−ı
−1
ı
1
...
(−ı)N−1


}.
The fact that R˜o1 ≥ 0 and R˜o2 ≥ 0 implies that R˜o ≥ 0.
In order to show that R˜o > 0, suppose that ao is a non-zero
vector in N (R˜o). It follows that
a†oR˜oao = a
†
oR˜o1ao + a
†
oR˜o2ao = 0.
Since R˜o1 ≥ 0 and R˜o2 ≥ 0, ao must be contained in the
null space of R˜o1 and the null space of R˜o2. Therefore ao
must be of the form
ao = γ


1
−ı
−1
ı
1
...
(−ı)N−1


where γ 6= 0. However, then
a†oR˜o1ao = γ
2µ˜1 6= 0
and hence ao cannot be in the null space of R˜o1. Thus,
we can conclude that the matrix R˜o is positive definite and
hence, the matrix Ro is positive definite. This completes the
proof of the lemma.
We now verify that the condition (9) is satisfied for the
distributed quantum observer under consideration. This proof
follows along very similar lines to the corresponding proof
given in [1]. We recall from Remark 1 that the quantity
1
2xe(t)
TRoxe(t) remains constant in time for the linear
system:
x˙e = Aoxe = 2ΘRoxe.
That is
1
2
xe(t)
TRoxe(t) =
1
2
xe(0)
TRoxe(0) ∀t ≥ 0. (34)
However, xe(t) = e
2ΘRotxe(0) and Ro > 0. Therefore, it
follows from (34) that
√
λmin(Ro)‖e2ΘRotxe(0)‖ ≤
√
λmax(Ro)‖xe(0)‖
for all xe(0) and t ≥ 0. Hence,
‖e2ΘRot‖ ≤
√
λmax(Ro)
λmin(Ro)
(35)
for all t ≥ 0.
Now since Θ and Ro are non-singular,
∫ T
0
e2ΘRotdt =
1
2
e2ΘRoTR−1o Θ
−1 − 1
2
R−1o Θ
−1
and therefore, it follows from (35) that
1
T
‖
∫ T
0
e2ΘRotdt‖
=
1
T
‖1
2
e2ΘRoTR−1o Θ
−1 − 1
2
R−1o Θ
−1‖
≤ 1
2T
‖e2ΘRoT ‖‖R−1o Θ−1‖
+
1
2T
‖R−1o Θ−1‖
≤ 1
2T
√
λmax(Ro)
λmin(Ro)
‖R−1o Θ−1‖
+
1
2T
‖R−1o Θ−1‖
→ 0
as T →∞. Hence,
lim
T→∞
1
T
‖
∫ T
0
xe(t)dt‖
= lim
T→∞
1
T
‖
∫ T
0
e2ΘRotxe(0)dt‖
≤ lim
T→∞
1
T
‖
∫ T
0
e2ΘRotdt‖‖xe(0)‖
= 0.
This implies
lim
T→∞
1
T
∫ T
0
xe(t)dt = 0
and hence, it follows from (28) and (30) that
lim
T→∞
1
T
∫ T
0
zo(t)dt =


1
1
...
1

 zp.
Also, (23) implies
lim
T→∞
1
T
∫ T
0
zp(t)dt =


1
1
...
1

 zp.
Therefore, condition (9) is satisfied. Thus, we have estab-
lished the following theorem.
Theorem 1: Consider a quantum plant of the form (6)
where Ap = 0. Then the distributed direct coupled quantum
observer defined by equations (7), (10), (12), (24), (25), (26),
(31), (32) achieves time-averaged consensus convergence for
this quantum plant.
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